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Hadronic decays of the spin-singlet heavy quarkomium under the principle of
maximum conformality ∗
Zhang Qiong-Lian, Wu Xing-Gang∗∗, Zheng Xu-Chang,
Wang Sheng-Quan, Fu Hai-Bing, Fang Zhen-Yun
Department of Physics, Chongqing University, Chongqing 401331
The principle of maximum conformality (PMC) provides a way to eliminate the conventional renormalization
scale ambiguity in a systematic way. By applying the PMC scale setting, all non-conformal terms in perturbative
series are summed into the running coupling, and one obtains a unique, scale-fixed prediction at any finite order.
In the paper, we make a detailed PMC analysis for the spin-singlet heavy quarkoniums decay (into light hadrons)
at the next-to-leading order. After applying the PMC scale setting, the decay widths for all those cases are
almost independent of the initial renormalization scales. The PMC scales for ηc and hc decays are below 1 GeV,
in order to achieve a confidential pQCD estimation, we adopt several low-energy running coupling models to do
the estimation. By taking the MPT model, we obtain: Γ(ηc → LH) = 25.09
+5.52
−4.28 MeV, Γ(ηb → LH) = 14.34
+0.92
−0.84
MeV, Γ(hc → LH) = 0.54
+0.06
−0.04 MeV and Γ(hb → LH) = 39.89
+0.28
−0.46 KeV, where the errors are calculated by
taking mc ∈ [1.40GeV, 1.60GeV] and mb ∈ [4.50GeV, 4.70GeV]. These decay widths agree with the principle of
minimum sensitivity estimations, in which the decay widths of ηc,b are also consistent with the measured ones.
PACS: 12.38.Bx, 14.40.Pq, 13.25.Ft DOI:
Heavy quarkonium plays an important role in un-
derstanding the QCD factorization theory. Its inclu-
sive annihilation provides one of the most interesting
topics in heavy quarkonium physics. The annihila-
tion of the spin-singlet S- and P -wave heavy quarko-
nium states to light hadrons (LHs) have been studied
at the order of O(αsυ2)[1,2] within the framework of
nonrelativistic QCD (NRQCD)[3]. However, those es-
timations suffer from large renormalization scale un-
certainties. To improve the accuracy of pQCD esti-
mations, we adopt the principle of maximum confor-
mality (PMC)[4−10] to set the renormalization scale.
To apply PMC, one can first finish the renormal-
ization procedure by using an arbitrary initial scale
µinitR (in the perturbative region), and set the optimal
(PMC) scales by absorbing all non-conformal terms
into the running coupling via a step-by-step way. The
decay widths for |H [n]〉 → LH up to O(αsv2) can be
written as :
Γ(H [n]) = C0([n])α
2
s(µ
init
R )
[
1 +
αs(µ
init
R )
pi
C1([n])
]
,
(1)
whereH stands for charmonium or bottomonium, and
[n] stands for the color-singlet state 1S
[1]
0 or
1P
[1]
1 re-
spectively. The leading-order (LO) coefficients
C0([
1S
[1]
0 ]) =
4pi
9m2Q
[
〈O(1S[1]0 )〉1S0 −
4〈P(1S[1]0 )〉1S0
3m2Q
]
,
C0([
1P
[1]
1 ]) =
5pi
6m2Q
[
〈O(1S[8]0 )〉1P1 −
4〈P(1S[8]0 )〉1P1
3m2Q
]
,
where 〈O〉 and 〈P〉 are long-distance matrix ele-
ments (LDMEs), the superscript [1] or [8] stands
for the color-singlet or color-octet state, respectively.
The NLO coefficient C1([n]) can be divided into β-
dependent non-conformal and β-independent confor-
mal parts,
C1([n]) = C
(β)
1 ([n])β0 + C
(con)
1 ([n]), (2)
where β0 = 11−2nf/3. For the conventional scale set-
ting, the scale is fixed once it has been set to an initial
value, i.e. one usually takes µR ≡ µinitR = 2mQ for esti-
mating the heavy quarkonium decays. After applying
the PMC scale setting, the β0-dependent terms can be
absorbed into PMC scale and we obtain
Γ(H [n]) = C0([n])α
2
s(µ
PMC
R )
[
1 +
αs(µ
PMC
R )
pi
C
(con)
1 ([n])
]
,
where µPMCR = µ
init
R exp
[
−C(β)1 ([n])
]
. The non-
conformal C
(β)
1 ([
1S0]) and C
(β)
1 ([
1P1]), and the confor-
mal C
(con)
1 ([
1S0]) and C
(con)
1 ([
1P1]) at the initial scale
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µinitR can be derived from Refs.[1,2], i.e.
C
(β)
1 ([
1S0]) = − a
a+ b
1
72
[
36 ln
(
4m2Q(
µinitR
)2
)
− 96
]
− b
a+ b
1
144
[
72 ln
(
4m2Q(
µinitR
)2
)
− 246
]
C
(con)
1 ([
1S0]) = − a
a+ b
1
72
(93pi2 − 852)− b
a+ b
1
144
×[
192 ln
(
µ2F
4m2Q
)
+ 237pi2 − 2258
]
,
C
(con)
1 ([
1P1]) = − A
A+B
1
72
(129pi2 − 1392)
− B
A+B
1
288
[
168 ln
(
µ2F
4m2Q
)
+ 735pi2 − 6892
]
+
C
A+B
[
7pi2 − 112− 24 ln
(
µ2F
4m2Q
)]
+
D
A+B
[
1740 ln
(
µ2F
4m2Q
)
− 555pi2 + 9236
]
,
C
(β)
1 ([
1P1]) = − A
A+B
1
72
[
36 ln
(
4m2Q(
µinitR
)2
)
− 96
]
−
B
A+B
1
288
[
144 ln
(
4m2Q(
µinitR
)2
)
− 492
]
,
where µF is the factorization scale and the coefficients
a =
4pi
9m2Q
〈O(1S[1]0 )〉1S0 , b = −
16pi
27m4Q
〈P(1S[1]0 )〉1S0 ,
A =
5pi
6m2Q
〈O(1S[8]0 )〉1P1 , B = −
10pi
9m4Q
〈P(1S[8]0 )〉1P1 ,
C =
5pi
486m4Q
〈O(1P [1]1 )〉1P1 , D =
pi
3645m6Q
〈P(1P [1]1 )〉1P1 .
After the PMC scale setting, the PMC scale may
be close to or even smaller than ΛQCD in certain pro-
cesses, which could lead to Landau pole problem for
the running coupling. A small scale is reasonable since
at higher orders more gluons are involved and all of
them can share the typical momentum flow of the pro-
cess and result in smaller renormalization scales. Such
a small scale can explain the discrepancies between the
conventional QCD predictions with the experimental
data, e.g. it can shrink the gap between the pQCD
estimation and experimental measurement for the top
pair forward and backward asymmetry at the TEVA-
TRON to be within 1σ[6]. Moreover, the commen-
surate scale relations among different renormalization
schemes can smear such problem to a certain degree,
since those relations between observables can be tested
at quite low momentum transfers[11].
For the present ηc and hc decay, their PMC scales
are smaller than 1 GeV. At the low energy region, the
natural extension of the running coupling is somewhat
questionable. To achieve a more accurate pQCD es-
timation, we adopt several low-energy models[12−17]
suggested in the literature to do our discussion, i.e.
• The APT model[12], which is based on the ana-
lytic perturbative theory and takes the form
αAPT(µ
2
R) =
4pi
β0
(
1
lnx
+
1
1− x
)
, (3)
where x = µ2R/Λ
2
QCD.
• The WEB model[13], which is suggested by Web-
ber to suppress the power correction of APT
model and takes the form
αWEB(µ
2
R) =
4pi
β0
[
1
lnx
+
x+ b
(1 − x)(1 + b)
(
1 + c
x+ c
)p]
,
(4)
where b = 1/4 and p = c = 4.
• The MPT model[14], which is based on the ‘massive’ analytic pQCD theory. It suggests to use an effective
glueball mass as the infrared regulator. The main idea of MPT is to change the logarithm lnµ2R/Λ
2
QCD
by ln(ξ + µ2R/Λ
2
QCD), in which ξ corresponds to the “effective gluonic mass” mgl =
√
ξΛQCD. It takes the
following form
αMPT(µ
2
R) =
αcrit
1 + αcrit
β0
4pi ln(1 + x/ξ) + αcrit
β1
2piβ0
ln
[
1 + αcrit
β0
4pi ln(1 + x/ξ)
] , (5)
where β1 = 51 − 19nf/3, αcrit = 0.61 and ξ = 10. It is noted that the moment of the spin-dependent
structure function calculated within MPT model is consistent with the experiment data down to a few
hundred MeV.
• The BPT model[15], which takes the form
αBPT(µ
2
R) =
4pi
β0tB
(
1− 2β1
β20
ln tB
tB
)
, (6)
where tB = ln
µ2R+m
2
B
Λ2
QCD
and mB = 1 GeV.
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• The CON model[16], which takes the form
αCON(µ
2
R) =
4pi/β0
ln
[
x+ 4M2g (µ
2
R)/Λ
2
QCD
] , (7)
where M2g (µ
2
R) stands for the running gluon
mass, determined by the gluon mass mg = 0.34:
M2g (µ
2
R) = m
2
g
[
ln(x+ 4m2g/Λ
2
QCD)
ln(4m2g/Λ
2
QCD)
]
−
12
11
. (8)
• The GI model[17], which takes the form
αGI(µ
2
R) =
3∑
k=1
αkexp
[−µ2R/4γ2k] , (9)
where α1 = 0.25, α2 = 0.15, α3 = 0.2, γ
2
1 = 1/4,
γ22 = 5/2 and γ
2
3 = 250.
10−3 10−2 10−1 100 101 102
0
0.5
1
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αQCD
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αWeb
αBPT
αMPT
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αGI
Fig. 1. Various effective running strong coupling models
versus the scale µR. αQCD stands for the conventional
behavior for the strong running coupling.
Since the behavior of the running coupling is uni-
versal, the above model parameters have been deter-
mined by each group via comparing with the known
data. Further more, to apply those low-energy mod-
els, we also need to set the scale parameter ΛQCD.
Using the two-loop αs running with α(Mτ ) = 0.33
[18], we can predict ΛQCD for the conventional QCD
running behavior, i.e. we have Λ
(nf=3)
QCD = 0.387 GeV,
Λ
(nf=4)
QCD = 0.333 GeV and Λ
(nf=5)
QCD = 0.231 GeV. For
APT model, we have Λ
(nf=3)
QCD = 0.254 GeV. For WEB
model, we have Λ
(nf=3)
QCD = 0.214 GeV. For BPTmodel,
we have Λ
(nf=3)
QCD = 0.453 GeV. For MPT model, we
have Λ
(nf=3)
QCD = 0.294 GeV. For CON model, we have
Λ
(nf=3)
QCD = 0.222 GeV. A comparison of running cou-
pling has been presented in Fig.1. Except for the GI
model, Fig.1.shows that as required, the low-energy
models mainly change the low-energy behavior and
their high-energy behaviors are almost unchanged in
comparison with the conventional running coupling.
For the color-singlet LDMEs, they can be re-
lated to the wavefunction at the origin for the S-
wave states or the first derivative of the wavefunc-
tion at the origin for the P -wave states. We adopt
their values derived from the B-T potential model[19]
to fix those LDMEs, i.e. |Rηc |2 = 0.810GeV3,
|Rηb |2 = 6.477GeV3, |R′hc |2 = 0.075GeV5, |R′hb |2 =
1.417GeV5. For the charmonium LDMEs involving S-
wave state, we obtain 〈O(1S[1]0 )〉ηc = 0.387GeV3 and
〈P(1S[1]0 )〉ηc = m2c〈υ2〉ηc〈O(1S[1]0 )〉ηc = 0.198GeV5.
For the LDMEs involving P -wave state, we have
〈O(1P [1]1 )〉hc = 0.107GeV5 and 〈P(1P [1]1 )〉hc =
m2c〈υ2〉hc〈O(1P [1]1 )〉hc = 0.055GeV7. The color-
octet LDMEs can be determined by the evolution
equations[2,3,20,21]:
µ2F
d〈O(1S[8]0 )〉
dµ2F
= −7αs
9pi
〈P(1S[8]0 )〉
m2c
+
16αs
9pi
〈O(1P [1]1 )〉
2Ncm2c
,
−16αs
15pi
〈P(1P [1]1 )〉
2Ncm4c
, (10)
µ2F
d〈P(1S[8]0 )〉
dµ2F
=
16αs
9pi
〈P(1P [1]1 )〉
2Ncm2c
. (11)
Setting µF = 2mc, we obtain 〈O(1S[8]0 )〉hc =
0.0045GeV3 and 〈P(1S[8]0 )〉hc = 0.0028GeV5.
For the case of bottomonium, we have
〈O(1S[1]0 )〉ηb = 3.092GeV3, 〈P(1S[1]0 )〉ηb = 2.748GeV5,
〈O(1P [1]1 )〉hb = 2.030GeV5, 〈P(1P [1]1 )〉hb =
1.804GeV7, 〈O(1S[8]0 )〉hb = 0.0074GeV3 and
〈P(1S[8]0 )〉hb = 0.0068GeV5. In the calculation,
we have taken 〈υ2〉hc ≈ 〈υ2〉ηc = 0.228[1] and
〈υ2〉hb ≈ 〈υ2〉ηb = 0.042[2]. When varying the quark
masses, those LDMEs shall be changed accordingly.
Table 1. Total decay widths for Γ(H[n]) under the PMC scale setting with various low-energy running coupling models, where
µinit
R
= 2mQ and [n] =
1 S
(1)
0 or
1P
(1)
1 . The errors are calculated by taking mc ∈ [1.40GeV, 1.60GeV] and mb ∈ [4.50GeV, 4.70GeV].
QCD WEB APT BPT MPT CON GI
Γ(ηc) (MeV) 41.70
+16.17
−10.45 28.63
+7.43
−5.50 23.92
+5.31
−4.07 26.70
+6.15
−4.73 25.09
+5.52
−4.28 25.41
+5.73
−4.42 25.59
+5.87
−4.55
Γ(ηb) (MeV) 13.80
+0.89
−0.82 14.33
+0.90
−0.83 14.97
+0.91
−0.84 14.08
+0.91
−0.84 14.34
+0.92
−0.84 14.54
+0.91
−0.84 13.88
+0.86
−0.79
Γ(hc) (MeV) 0.87
+0.12
−0.11 0.61
+0.07
−0.05 0.51
+0.06
−0.04 0.58
+0.06
−0.05 0.54
+0.06
−0.04 0.55
+0.05
−0.05 0.55
+0.06
−0.05
Γ(hb) (KeV) 38.88
+0.38
−0.54 39.86
+0.27
−0.45 41.01
+0.14
−0.33 39.40
+0.34
−0.51 39.89
+0.28
−0.46 40.24
+0.23
−0.41 39.04
+0.30
−0.47
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After applying the PMC scale setting, we present
the total decay widths for the conventional and the
six low-energy effective running coupling models in
Table 1. As for the bottomonium case, the PMC
scales are larger than 1 GeV, the results of all low-
energy models agree well with each other. As for the
charmonium case, the conventional running coupling
could be questionable, since the PMC scales for ηc and
hc are less than 1 GeV, i.e. µ
PMC
ηc = 0.93 GeV and
µPMChc = 0.98 GeV. It is found that the total decay
widths with the six low-energy effective models are
consistent with each other, which are caused by the
fact that those models have similar behavior around
the region close to 1 GeV. In the following, we adopt
MPT model to do a detail discussion on the heavy
quarkonium decay properties.
Table 2. Scale dependence of Γ(H[n]) within the MPT model
under the conventional scale setting and the PMC scale setting,
where three typical (initial) scales are adopted.
Conventional PMC
µinit
R
mQ 2mQ 4mQ mQ 2mQ 4mQ
Γ(ηc) (MeV) 27.78 20.38 14.01 25.09 25.09 25.09
Γ(ηb) (MeV) 12.91 10.14 7.94 14.34 14.34 14.34
Γ(hc) (MeV) 0.57 0.41 0.28 0.54 0.54 0.54
Γ(hb) (KeV) 45.92 39.27 31.98 39.89 39.89 39.89
Table 3. Total decay width Γ(H[n]) within the MPT model
under the conventional scale setting and the PMC scale setting,
where µinit
R
= 2mQ.
Conventional PMC
LO NLO sum LO NLO sum
ηc (MeV) 11.62 8.76 20.38 31.95 -6.85 25.09
ηb (MeV) 6.25 3.89 10.14 15.68 -1.33 14.35
hc (MeV) 0.23 0.18 0.41 0.61 -0.07 0.54
hb (KeV) 27.97 11.30 39.27 70.12 -30.23 39.89
We present the decay widths under the MPT
model before and after the PMC scale setting in Table
2 and Table 3. As shown by Table 2, under the conven-
tional scale setting, the decay widths depend heavily
on the choice of scale. By varying µR ≡ µinitR from
mQ to 4mQ, the decay widths for ηc, ηb, hc and hb
are changed by about 50%, 39%, 51% and 30% respec-
tively. On the other hand, after the PMC scale setting,
we observe that all the decay widths remain almost un-
changed, thus the scale ambiguity is eliminated even
at the NLO level. There is residual scale dependence
due to unknown higher-order {βi}-terms, which how-
ever will be highly exponentially suppressed[5]. Af-
ter the PMC scale setting, one can absorb/resum the
{β0}-terms into the running coupling, and in principle,
the LO decay widths shall be increased and the NLO
decay widths shall be decreased. Thus, the pQCD
convergence can be generally improved. As shown
by Table 3, this is indeed the case for most of the
decays. For convenience, we define a parameter K,
which equals to the ratio of the NLO decay width to
the LO decay width. Under the conventional scale set-
ting, the K factors for ηc, ηb and hc and hb are 75%,
62% and 78%, which are changed down to 21%, 8%
and 11% after the PMC scale setting. The only ex-
ception is the hb decay, whose K factor is about 40%
even after PMC scale setting, which means one needs
to finish at least the NNLO calculation to achieve a
better pQCD convergence for the hb decay.
In the literature, another scale setting method
based on the local renormalization group invariance,
i.e. the principle of minimum sensitivity (PMS)[22],
has also been suggested. Following the standard PMS
procedures, we obtain
Γ(H [n]) = C0([n])α
2
s(µ
PMS
R )
3 + cαs(µ
PMS
R )/pi
3
(
1 + cαs(µPMSR )/pi
) , (12)
where c = β1/2β0, and the PMS effective coupling is
a solution of the following equation:
ρ1([n]) =
2pi
αs(µPMSR )
+ 2c ln
(
cαs(µ
PMS
R )/pi
1 + cαs(µPMSR )/pi
)
+
2c
3(1 + cαs(µPMSR )/pi)
. (13)
Here ρ1([n]) =
β0
2 ln
(
µ2R(init)
Λ˜2
QCD
)
−C1([n]) and Λ˜QCD =
ΛQCD
(
2β1
β2
0
)
−β1/β
2
0
.
Table 4. Comparison of PMC and PMS estimations for
Γ(H[n]) together with the experimental measurements[18]. The
MPT model is adopted and the errors are calculated by taking
mc ∈ [1.40GeV, 1.60GeV] and mb ∈ [4.50GeV, 4.70GeV].
experiment PMC PMS
Γ(ηc) (MeV) 32.0± 0.9 25.09
+5.52
−4.28 31.57
+9.06
−6.47
Γ(ηb) (MeV) 10.8
+4.0+4.5
−3.7−2.0 14.34
+0.92
−0.84 13.25
+0.81
−0.75
Γ(hc) (MeV) ∼ 0.54
+0.06
−0.04 0.66
+0.08
−0.06
Γ(hb) (KeV) ∼ 39.89
+0.28
−0.46 42.95
+1.42
−1.38
We present a comparison of the PMC and PMS
estimations by using the MPT model in Table 4, in
which the available experimental results are also pre-
sented. Due to large errors from the bound state pa-
rameters such as the quark masses, both the PMC
and PMS estimations are consistent with the experi-
mental results within reasonable regions. As an esti-
mation of hc decay, it has two dominant decay chan-
nels, by taking Γ(hc → γηc) = 385 KeV[23], we ob-
tain Γth(hc) ≃ 0.925 MeV, which is consistent with
Γexp(hc) = 0.73±0.45±0.28MeV[24]. As for hb, its de-
cay width Γ(ηb) has been estimated by Refs.[25,26,27].
By taking Γ(hb → γ + ηb) = 37.0 KeV[26], we obtain
Bth(hb(1P ) → ηb(1S)γ) =
(
48.1+0.3
−0.2
)
%, which agrees
Bexp(hb(1P )→ ηb(1S)γ) =
(
49.2± 5.7+5.6
−3.3
)
%[18].
In summary, we have made a detailed discussion on
the decay widths for the spin-singlet heavy quarkoni-
ums under the PMC scale setting. After the PMC
scale setting, the renormalization scale uncertainty
-4
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has been eliminated even at the NLO level. Thus, af-
ter applying the PMC scale setting, it can eliminate an
important theoretical error and increase the precision
of QCD tests, which shall also increase the sensitiv-
ity of the collider experiments to new physics beyond
the standard model[28]. Moreover, we show that the
PMC estimations are also consistent with the PMS es-
timations for the present decay channels. The remain-
ing uncertainties are from the bound state parameters
such as the constituent b or c quark mass. As a final
remark, it is noted that the PMC scales of ηc and hc
are below 1 GeV, in such low-energy region, a proper
low-energy running coupling is necessary. We have
applied several low-energy running coupling models
for the estimation. The results show that the decay
widths under those models have similar results and
are in reasonably consistent with the data.
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